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 Subsets with Small Sums in Abelian Groups’ I : the Vosper Property
 Y AHYA O ULD H AMIDOUNE
 Let  G  be an abelian group containing a finite subset  B  such that , for every non-empty finite
 subset  A  Õ  G ,  u A  1  B u  >  min ( u G u ,  u A u  1  u B u  2  1) .  We obtain the necessary and suf ficient condi-
 tion for the validity of the stronger property :
 For e y  ery finite subset A  Õ  G , such that  u A u  >  2 ,  u A  1  B u  >  min ( u G u  2  1 ,  u A u  1  u B u ) .
 We apply our methods to the range of diagonal forms over finite fields , obtaining a new proof
 of a result of Tieta ¨  va ¨  inen . Our proof works in characteristic 2 , where the question was open .
 We also apply our methods to obtain a new characterization for abelian Cayley graphs for
 which each minimum cutset originates or ends in a vertex .
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 1 .  I NTRODUCTION
 The following theorem of Cauchy [1] was rediscovered by Davenport [4] .
 T HEOREM 1 . a (the Cauchy – Davenport theorem) .  Let p be a prime number and let A
 and B be two non - empty subsets of  Z p .  Then  u A  1  B u  >  min(  p ,  u A u  1  u B u  2  1) .
 Chowla obtained the following generalization of the Cauchy – Davenport theorem .
 T HEOREM 1 . b (Chowla [2]) .  Let A and B be two subsets of  Z n  such that 0  P  B and
 ( n ,  x )  5  1 for e y  ery x  P  B  \  h 0 j . Then , for e y  ery finite non - empty subset A of  Z n  ,
 u A  1  B u  >  min( n ,  u A u  1  u B u  2  1) .
 For abelian groups , the Cauchy – Davenport inequality fails for some subsets . The
 necessary and suf ficient condition for the validity of the Cauchy – Davenport inequality
 for a fixed subset  B  and arbitrary  A  was found by Mann .
 T HEOREM 1 . c (Mann [16 ,  17] .  Let B be a finite non - empty subset of an abelian group
 G Then the following conditions are equi y  alent :
 (i)  For e y  ery finite non - empty subset A of G ,
 u A  1  B u  >  min( u G u ,  u A u  1  u B u  2  1) .
 (ii)  For e y  ery finite subgroup H of G ,
 u H  1  B u  >  min( u G u ,  u H u  1  u B u  2  1) .
 This theorem was considered as a finite analog to the ( a  1  b  )-Theorem (cf . [5 ,  17]) .
 It was applied by Kneser in [13] to the geometry of numbers .
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 A pair  h A ,  B j ,  such that  u G u  .  u A  1  B u  5  u A u  1  u B u  2  1 ,  is usually called a  critical pair .
 The following result solves the critical pair problem in a prime order .
 T HEOREM 1 . d (Vosper [19 ,  20] .  Let p be a prime number . Let A and B be two
 non - empty subsets of  Z p such that  u A  1  B u  5  u A u  1  u B u  2  1  <  p  2  1 . Then one of the
 following conditions holds :
 (i)  u A u  5  1  or  u B u  5  1 ;
 (ii)  A  5  Z p  \  ( a  2  B ) , for some a  P  Z p ;
 (iii)  A and B are arithmetic progressions with the same dif ference .
 In [14] , Kneser proved that the description of the subsets  h A ,  B j  of a locally compact
 abelian group  G ,  such that  m  0 ( A  1  B )  ,  m  0 ( A )  1  m  0 ( B ) ,  can be reduced to the
 description of finite subsets of  G  such that  u A  1  B u  <  u A u  1  u B u  2  1 ,  where  m  0 is the
 interior Haar measure of  G .
 In order to give some answers to Kneser’s question , Kempermann developed a
 theory of small sums . Let us summarize the main result of this theory . Let  G  be an
 abelian group and let  H  be a subgroup . A subset  K  is said to be  H - periodic  if
 K  5  K  1  H .  A subset  S  is called  periodic  if there is a non-null subgroup  H  such that  S  is
 H -periodic . Following Kempermann , a pair  h A ,  B j  of non-empty subsets of  G  is called
 an  elementary pair  if one of the conditions (i) – (iv) holds :
 (i)  u A u  5  1 or  u B u  5  1 .
 (ii)  A  and  B  are arithmetic progressions with dif ference  d ,  where  d  is of order
 >  u A u  1  u B u  2  1 .
 (iii)  For some finite subgroup  H ,  each of  A  and  B  is contained in a  H -coset , while
 u A u  1  u B u  5  u H u  1  1 .
 (iv)  B  is aperiodic and , for some finite subgroup  H  of  G ,  B  is contained in a  H -coset ,
 while  A  is of the form  g  2  (( B  1  H )  \  B ) ,  where  g  P  G .  The main structure theorem of
 Kempermann is as follows .
 T HEOREM 1 . e (Kempermann [12 , Theorem 5 . 1]) .  Let G be an abelian group such
 that  u G u  >  2  containing two non - empty subsets A and B such that either A  1  B is
 aperiodic or there exist a  P  A and c  P  A  1  B such that c  ¸  ( A  \  h a j )  1  B . Then a
 necessary and suf ficient condition in order that  u A  1  B u  5  u A u  1  u B u  2  1  is the existence of
 a non - empty subset A 1  of A and a non - empty subset B 1  of B and a subgroup F with
 u F  u  >  2 satisfying the following conditions :
 (I)  The pair  h A 1  ,  B 1 j  is elementary and each of A 1  and B 1  is contained in some F  - coset
 (II)  ( A 1  1  B 1 )  >  (( A  \  A 1 )  1  B )  5  [  and  ( A 1  1  B 1 )  >  ( A  1  ( B  \  B 1 ))  5  [ .
 (III)  Both A  \  A 1  and B  \  B 1  are unions of F  - cosets .
 (IV)  u s  ( A )  1  s  ( B ) u  5  u s  ( A ) u  1  u s  ( B ) u  2  1 , where  s  is the canonical morphism from G
 onto G  / F .
 Theorem 1 . e provides a recursive complete characterization only if  A  1  B  and
 s  ( A )  1  s  ( B )  are aperiodic , for any pair  h A ,  B j  occurring in the recursive process .
 In Part II of this paper , we obtain a complete solution of this problem if the subset  B
 verifies one of the conditions in Mann’s Theorem 1 . c .
 Classical additive group theory uses as main tools some local transformations used in
 additive number theory (cf . [5 ,  15]) . Our approach is more global and generalizes some
 addition theorems to relations with a transitive group of automorphisms . In Section 2 ,
 we survey some previous results on the connectivity of Cayley relations .
 In Section 3 , we study the superatoms of relations having a transitive group of
 automorphisms which are isomorphic to their inverses .
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 In Section 4 , we apply the results obtained in Section 3 to Cayley relations of abelian
 groups .
 Let  G  be an abelian group containing a finite subset  B .  The main result of Section 4
 gives a necessary and suf ficient condition for the validity of the inequality :
 ; A  Õ  G  such  that  2  <  u A u  ,  `  ,  and  u A  1  B u  >  min( u G u ,  u A u  1  u B u ) .
 In Section 5 , we apply the results obtained in Section 4 to the estimation of the
 image of a diagonal form over a finite field . We obtain a short proof for the following
 result , proved for odd characteristics in [3 ,  18] :
 Let F be a finite field and let a 1  ,  a 2  ,  .  .  .  ,  a n be non - zero elements of F . Let
 P  5  h x k  3  x  P  F  j and let F 0  be the field generated by P . If  u P u  >  4 , then  u a 1 P  1  a 2 P  1  ?  ?  ?  1
 a n P u  >  min( u F 0 u ,  (2 n  2  1)( u P u  2  1)  1  1) .
 In Section 6 , we obtain a new characterization for abelian Cayley graphs for which
 each minimum cutset originates or ends in a vertex .
 The results given in the second part solve completely the basic probem for
 calculating fragments and minimum cutsets in an abelian Cayley graph .
 2 .  C ONNECTIVITY OF A R ELATION
 The cardinality of a finite set  V  will be denoted by  u V  u .  For an infinite set  V ,  we write
 u V  u  5  `  .  By a  relation  we mean an ordered pair  G  5  ( V ,  E ) ,  where  V  is a set and  E  is a
 subset of  V  3  V .  Notice that the above notion coincides with the notion of a  directed
 graph ,  considered in graph theory . We use the word relation here , since some
 traditional definitions and conventions in graph theory are not suitable for our
 approach . Moreover , we need from this last area only few trivial observations , which
 we shall recall as remarks . A permutation  s  of  V  is said to be an automorphism of  G  if
 E  5  h ( s  ( x ) ,  s  (  y ))  3  ( x ,  y )  P  E j .  The group of automorphisms of  G  will be denoted by
 Aut( G ) .  Let  A  Õ  V  : the  subrelation induced on A  is  G [ A ]  5  ( A ,  E  >  ( A  3  A )) .
 We introduce some notation . Let  G  be a relation on a set  V  and let  F  be a subset of
 V .  The  image  of  F  will be denoted by  G ( F  ) .  We recall that
 G ( F  )  5  h x  P  V  3  ' a  P  F ,  ( a ,  x )  P  G j .
 We write  ­ ( F  )  5  G ( F  )  \  F  and  d  ( F  )  5  V  \  ( F  <  G ( F  )) .  These two sets calculated with
 respect to  G 2 will be denoted by  ­ 2 ( F  ) and  d  2 ( F  ) .  The  degree  of a point  x  P  V  is by
 definition  d ( x )  5  u G ( x ) u .  A relation  G  is said to be  locally finite  if both  G  and  G 2 have
 only finite degrees . The relation  G  is said to be  regular  if there are  d ,  d 9  P  N  such that
 ; x  P  V ,  u G ( x ) u  5  d  and  u G 2 ( x ) u  5  d 9 .  For a regular relation  G , the common degree of all
 the points with respect to  G  will be called the degree of  G  and denoted by  d ( G ) .
 A relation  G  on a set  V  is said to be  connected  if  G ( A )  Õ u  A  for every finite proper
 subset  A  of  V .  A subset  C  of  V  is said to be  connected  if  G [ C ] is connected .
 The following remark is easy to show and is well known .
 R EMARK 2 . i .  Let  G  be a relation on a set  V  :
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 (i)  If Aut( G ) is transitive on  V ,  then  G  is regular .
 (ii)  If  G  is regular and if  V  is finite , then  d ( G )  5  d ( G 2 ) .
 Let  G  be a relation on  V .  The  connecti y  ity  of  G  is , by definition ,
 k  ( G )  5  min h u ­ ( F  ) u  3  1  <  u F  <  G ( F  ) u  ,  u V  u  or  u F  u  5  1 j .
 R EAMARK 2 . ii .  The reader can easily verify that the connectivity of a relation is
 equal to the connectivity of its reflexive closure . Therefore we could restrict ourselves
 to reflexive relations or to anti-reflexive relations without loss of generality . In [6] we
 did restrict ourselves to anti-reflexive relations . From now on , we consider only
 reflexive relations . This choice will simplify the notations and the statements . We shall
 apply the results obtained in [6] , with some slight obvious modifications .
 L EMMA 2 . 1 .  Let  G  be a locally finite reflexi y  e relation . Then  k  ( G )  is the maximal k
 such that , for e y  ery non - empty finite subset A ,  u G ( A ) u  >  min( u V  u ,  u A u  1  k ) . In particular ,
 for e y  ery non - empty finite subset A of V ,  u G ( A ) u  >  min( u V  u ,  u A u  1  k  ( G )) .
 P ROOF .  The lemma follows easily from the definitions .  h
 L EMMA 2 . 2 .  Let  G  be a locally finite reflexi y  e relation on a set V with order  > 2 . Then
 G is connected if f  k  ( G )  >  1 .
 P ROOF .  The lemma follows easily from the definitions .  h
 As an exercise one may show that if  V  is finite ,  G  is connected if f any two points are
 connected by a directed path in  G  considered as a directed graph .
 Let  G  be a reflexive relation on a set  V  and let  F  be a finite subset of  V .  We say that
 F  is a  fragement  of  G  if the following conditions are satisfied :
 (i)  k  ( G )  5  u ­ ( F  ) u ;
 (ii)  1  <  u G ( F  ) u  ,  u V  u  .
 A fragment with minimal cardinality will be called an  atom . The cardinality of an atom
 of  G  will be denoted by  m  ( G ) .
 L EMMA 2 . 3  [6] .  Let  G  be a locally finite reflexi y  e relation on a set V and let A be an
 atom of  G . Then  G [ A ]  is connected . Moreo y  er ,  k  ( G )  <  min( d ( x )  2  1 ;  x  P  V  )  and equality
 holds if f  m  ( G )  5  1 .
 The above lemma is proved in [6] only for finite relations . However , the method
 works for the infinite case , as observed in [9] . A similar situation holds for Lemmas 2 . 4
 and 2 . 5 and Propositions 2 . 6 , 2 . 7 and 2 . 9 , presented below .
 We use the following results .
 L EMMA 2 . 4  [6] .  Let  G  be a locally finite reflexi y  e relation such that  G  ?  V  3  V and
 k  ( G )  5  k  ( G 2 ) . For e y  ery fragment F of  G ,  ­ 2 ( d  ( F  ))  5  ­ ( F  )  and  d  2 ( d  ( F  ))  5  F .
 L EMMA 2 . 5  [6] .  Let  G  be a finite reflexi y  e relation . Then  k  ( G )  5  k  ( G 2 ) . If F is a
 fragment of  G , then  d  ( F  )  is a fragment of  G 2 .
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 The fundamental property of atoms is as follows .
 P ROPOSITION 2 . 6 [5 , Proposition 1] .  Let  G  be a locally finite reflexi y  e relation such
 that  m  ( G )  <  m  ( G 2 ) . Let A be an atom of  G  and let F be a fragment of  G . Then either
 A  Õ  F or A  >  F  5  [ . In particular , two distinct atoms of  G  are disjoint .
 This result was obtained for finite symmetric relations by Mader [15] . Proposition 2 . 6
 implies the following result .
 P ROPOSITION 2 . 7 [6 , Theorem 3 . 1] .  Let  G  be a locally finite reflexi y  e relation with a
 group of automorphisms transiti y  e on its points such that  m  ( G )  <  m  ( G 2 ) . Let A be an
 atom of  G . Then  G [ A ]  is connected . The group of automorphisms of  G [ A ]  acts
 transiti y  ely on A . The other atoms are exactly the images of A by the automorphisms of
 G . Moreo y  er , e y  ery fragment is a union of atoms .
 E XAMPLE .  Let  G  be a group and let  B  be a finite subset of  G .  Put  E  5
 h ( x ,  y )  3  x  2 1 y  P  B j .  The relation ( G ,  E ) is called a  Caylay relation .  It will be denoted by
 L ( G ,  B ) .  Set  G  5  L ( G ,  B ) and let  F  Õ  G .  Then  G ( F  )  5  FB .  Let  a  P  G .  The left
 translation  g a  :  G  5  G  is defined by the equality  g a ( x )  5  ax .
 The following result is easy to show and is well known .
 L EMMA 2 . 8 .  Let G be a group containing a finite subset B . Then  ( L ( G ,  B )) 2  5
 L ( G ,  B 2 1 ) .
 For e y  ery a  P  G ,  g a is an automorphism of  L ( G ,  B ) . In particular , the group of
 automorphisms of  L ( G ,  B )  acts transiti y  ely on the points .
 If  G is abelian , then the mapping  g  :  G  5  G , where  g  ( x )  5  2 x , is an isomorphism
 from  L ( G ,  B )  onto  L ( G ,  2 B ) .
 Proposition 2 . 7 implies the following result .
 P ROPOSITION 2 . 9  [7] .  Let G be a group containing a finite subset B such that
 m  ( L ( G ,  B ))  >  m  ( L ( G ,  B 2 1 )) . Then e y  ery atom of  L ( G ,  B )  is a left coset of a subgroup
 generated by a subset of B .
 This results generalizes Mann’s Theorem 1 . c . We were not aware of the connection
 between these questions when we obtained the results of [7] . Proposition 2 . 9 implies
 the following result .
 P ROPOSITION 2 . 10  [7] .  Let G be an abelian group and let B be a finite subset of G . Let
 A be an atom of  L ( G ,  B )  containing  0 . Then A is a subgroup of G and an atom of
 L ( G ,  2 B ) . Moreo y  er , for e y  ery fragment F of  L ( G ,  B ) , F  1  A  5  F .
 3 .  S UPERATOMS
 We say that a relation  G  5  ( V ,  E ) is a  Cauchy relation  if the following conditions are
 satisfied :
 (i)  G  is reflexive and locally finite ;
 (ii)  Aut( G ) is transitive on  V  and  k  ( G )  5  d ( G )  2  1  >  1 .
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 We say that a finite subset  B  of a group  G  is a  Cauchy subset  if  L ( G ,  B ) is a Cauchy
 relation . Note that a Cauchy subset is finite and contains 0 .
 L EMMA 3 . 1 .  Let B be a finite subset of an abelian group G such that  0  P  B and
 u B u  >  2 . The following conditions are equi y  alent :
 (i)  B is a Cauchy subset ;
 (ii)  m  ( L ( G ,  B ))  5  1 ;
 (iii)  for e y  ery finite non - empty subset A of G ,  u A  1  B u  >  min( u G u ,  u A u  1  u B u  2  1) .
 P ROOF .  (i) and (ii) are equivalent by Lemma 2 . 3 . (i) and (iii) are equivalant by
 Lemma 2 . 1 .  h
 According to Lemma 3 . 1 , the Cauchy – Davenport inequality is satisfied for every non
 empty finite  A  Õ  G  if  B  is a Cauchy subset . The Cayley graphs of such subsets are used
 in network models and are said to have an optimal connectivity .
 A relation  G  is said to be  balanced  if  G  is isomorphic to  G 2 .
 R EMARK 3 . i .  Let  G  be an abelian group containing a subset  B .  Then  L ( G ,  B ) is
 balanced .
 Remark 3 . i follows by the last part of Lemma 2 . 8 .
 Let  G  be a Cauchy relation on  V  and let  F  be a fragment of  G . We shall prove the
 following inequality :
 1  <  u F  u  <  u V  u  2  k  ( G )  2  1  5  u V  u  2  d ( G ) .
 The result is obvious if  u V  u  is infinite . Consider the finite case . By Lemma 2 . 5 and
 Remark 2 . i , we have  k  ( G 2 )  5  k  ( G )  5  d ( G )  2  1  5  d ( G 2 )  2  1 .
 By Lemma 2 . 5 ,  u d  2 ( F  ) u  >  1 .  The desired inequality follows easily .
 If  u V  u  ,  `  ,  the equality  u F  u  5  u V  u  2  k  ( G )  2  1 is satisfied if  F  5  d  2 ( h y  j ) ,  where  y  P  V .
 A fragment  F  of a Cauchy relation  G  is said to be a  strict fragment  if 2  <  u F  u  <
 u V  u  2  d ( G )  2  1 .
 A relation is said to be  degenerate  if it has at least one strict fragment .
 A non-degenerate relation will be called  y  osperian .
 Let  B  be a finite subset of a group  G .  We say that  B  is  degenerate  if  L ( G ,  B ) is
 degenerate .
 L EMMA 3 . 2 .  Let  G  be a Cauchy relation on a finite set V . Let F be a fragment of V .
 Then F is a strict fragment of  G  if f  d  ( F  )  is a strict fragment of  G 2 .
 Moreo y  er , the following conditions are equi y  alent :
 (i)  F  5  V  \  G 2 ( x ) , for some x  P  V  ;
 (ii)  u F  u  5  u V  u  2  d ( G ) .
 P ROOF .  By the definition ,  k  ( G )  5  d ( G )  2  1 .  By Lemma 2 . 5 and Remark 2 . i ,
 k  ( G 2 )  5  d ( G )  5  d ( G 2 ) .
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 Suppose that  F  is a strict fragment . Using the obvious relation  u d  ( F  ) u  1  u F  u  1  d ( G )  2
 1  5  u V  u ,  we see easily that  d  ( F  ) is a strict fragment of  G 2 .
 Suppose that  F  5  V  \  G 2 ( x ) ,  for some  x  P  V .  We have  u F  u  5  u V  u  2  u G 2 ( x ) u  5  u V  u  2
 d ( G 2 )  5  u V  u  2  d ( G ) .
 Now suppose that (ii) holds . We have  u d  ( F  ) u  5  u V  u  2  u G ( F  ) u  5  u V  u  2  u F  u  2  d ( G )  1  1  5  1 .
 Take  d  ( F  )  5  h  y j .  By Lemma 2 . 4 ,  F  5  d  2 ( d  ( F  ))  5  V  \  G 2 (  y ) .  h
 L EMMA 3 . 3 .  Let  G  be a Cauchy relation on a set V . The following conditions are
 equi y  alent :
 (i)  G  is  y  osperian ;
 (ii)  for e y  ery finite subset A of G such that  u A u  >  2 ,
 u G ( A ) u  >  min( u V  u  2  1 ,  u A u  1  d ( G )) .
 P ROOF .  Suppose that  G  is degenerate and let  F  be a strict fragment of  G . By Lemma
 3 . 2 ,  d  ( F  ) is a strict fragment of  G 2 . It follows that (ii) is not satisfied . The other
 implication follows similarly .  h
 We shall use the following lemma .
 L EMMA 3 . 4 .  Let  G  be a locally finite reflexi y  e relation on a set V such that
 k  ( G )  5  k  ( G 2 ) . Let A and B be two distinct fragments such that  u A u  5  u B u . Then
 d  ( A )  Õ u  d  ( B ) .
 P ROOF .  Suppose on the contrary that  d  ( A )  Õ  d  ( B ) .  We have
 G ( A )  5  V  \  d  ( A )  Ó  V  \  d  ( B )  5  G ( B ) .
 By the definition of a fragment , we have  u G ( A ) u  5  u A u  1  k  ( G )  5  u G ( B ) u  .
 Therefore  G ( A )  5  G ( B ) : observe that these sets are finite . It follows that  d  ( A )  5
 V  \  G ( A )  5  d  ( B ) .
 By Lemma 2 . 4 ,  ­ ( A )  5  ­ 2 ( d  ( A ))  5  ­ 2 d  ( B )  5  ­ ( B ) .
 It follows that  A  5  G ( A )  \  ­ ( A )  5  G ( B )  \  ­ ( B )  5  B ,  a contradiction .  h
 The minimal cardinality of a strict fragment of a degenerate relation  G  will be
 denoted by  v  ( G ) .  A strict fragment of  G  with cardinality  v  ( G ) will be called a
 superatom  of  G . Superatoms are studied for symmetric graphs by Jung in [11] .
 L EMMA 3 . 5 .  Let  G  be a locally finite reflexi y  e relation on V . Let M and F be two
 subsets of V . Then :
 (i)  u ­ ( M  >  F  ) u  1  u ­ ( M  <  F  ) u  <  u ­ ( M ) u  1  u ­ ( F  ) u  ;
 (ii)  u ­ ( M  >  F  ) u  1  u ­ 2 ( d  ( F  )  >  d  ( M )) u  <  u ­ M u  1  u ­ ( F  ) u  .
 P ROOF .
 d  ( M )  R 1
 ­ ( M )  R 2  R 3  R 4
 M  R 5
 F  ­ ( F  )  d  ( F  )
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 We clearly have  ­ ( M  >  F  )  Õ  R 2  <  R 3  <  R 5  .  It follows that
 u R 2 u  1  u R 3 u  1  u R 5 u  >  u ­ ( M  >  F  ) u  .  (1)
 Similarly ,
 u R 1 u  1  u R 3 u  1  u R 4 u  >  u ­ ( M  <  F  ) u  .  (2)
 Similarly ,
 u R 1 u  1  u R 3 u  1  u R 4 u  >  u ­ 2 ( d  ( M )  >  d  ( F  )) u  .  (3)
 (i)  follows by adding (1) and (2) . (ii) follows by adding (1) and (3) .  h
 P ROPOSITION 3 . 6 .  Let  G  be a degenerate balanced Cauchy relation . Let M be a
 superatom of  G  and let F be a strict fragment such that M  >  F  ?  [  and M  Õ u  F . Then :
 (i)  u M  >  F  u  5  1  and M  <  F is a fragment of  G ;
 (ii)  u M  >  ­ ( F  ) u  5  u ­ ( M )  >  d  ( F  ) u ;
 (iii)  G ( M  >  F  )  5  G ( M )  >  G ( F  ) .
 P ROOF .  By Lemma 3 . 5 , we have
 u ­ ( M  >  F  ) u  1  u ­ ( M  <  F  ) u  <  u ­ ( M ) u  1  u ­ ( F  ) u  .  (1)
 Since  M  >  F  ?  [  and  G ( M  >  F  )  ?  V ,  we have
 u ­ ( M  >  F  ) u  >  k  ( G ) .  (2)
 Clearly ,
 ­ ( M  >  F  )  Õ  ( ­ ( M )  \  d  ( F  ))  <  ( M  >  ­ ( F  )) .  (3)
 Using (2) , (3) and the equality  u ­ ( M ) u  5  k  ( G ) ,  we have
 u d  ( F  )  >  ­ ( M ) u  <  u M  >  ­ ( F  ) u  .  (4)
 It follows using (4) that
 u d  ( F  )  \  d  ( M ) u  5  u d  ( F  )  >  M u  1  u d  ( F  )  >  ­ ( M ) u  <  u M  \  F  u  ,  u M u  .
 The inequality  v  ( G 2 )  <  u d  ( F  ) u  holds trivially if  u V  u  5  `  ,  and follows by Lemmas 2 . 5 and
 3 . 2 in the finite case .
 Since  u M u  5  v  ( G )  5  v  ( G 2 )  <  u d  ( F  ) u ,  we have  d  ( F  )  >  d  ( M )  ?  [ .
 Therefore  G ( M  <  F  )  ?  V .  By the definition of  k  ,  we have
 u ­ ( M  <  F  ) u  >  k  ( G ) .  (5)
 Using (1) , (2) and (5) , we have
 2 k  ( G )  <  u ­ ( M  >  F  ) u  1  u ­ ( M  <  F  ) u  <  u ­ ( M ) u  1  u ­ ( F  ) u  5  2 k  ( G ) .
 It follows that the inequalities (2) , (4) and (5) are never strict and that the inclusion (3)
 also cannot be strict .
 The equality in (2) shows that  A  >  F  is a fragment . Hence  u A  >  F  u  5  1 .
 The equality in (5) shows that  A  <  F  is a fragment .
 The equality in (4) is (ii) .
 The equality in (3) shows that  ­ ( M  >  F  )  5  ( ­ ( M )  \  d  ( F  ))  <  ( M  >  ­ ( F  )) .
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 Therefore
 G ( M  >  F  )  5  ( M  >  F  )  <  ( ­ ( M  >  F  ))
 5  ( M  >  F  )  <  ( ­ ( M )  >  F  )  <  ( ­ ( M )  >  ­ ( F  ))  <  ( M  >  ­ ( F  ))  5  G ( M )  >  G ( F  ) .  h
 The notion of a superatom introduced here extends the notion of a 2-atom of Jung
 [11] . Proposition 3 . 6 generalizes a result of Jung proved for symmetric relations
 (equivalent to undirected graphs considered by Jung ; cf . [11 , Satz 2]) .
 P ROPOSITION 3 . 7 .  Let  G  be a degenerate balanced Cauchy relation . Let M be a
 superatom of  G  and let F be a strict fragment of  G 2  such that M  >  d  2 ( F  )  ?  [  and
 M  Õ u  d  2 ( F  ) . Then  u M  >  d  2 ( F  ) u  5  1 .
 P ROOF .  By Lemma 2 . 4 ,
 ­ ( d  2 ( F  ))  5  ­ 2 ( F  )  and  d  ( d  2 ( F  ))  5  F .  (1)
 By Lemma 3 . 5 , we have
 u ­ ( M  >  d  2 ( F  )) u  1  u ­ 2 ( d  ( d  2 ( F  ))  >  d  ( M )) u  <  u ­ ( M ) u  1  u ­ ( d  2 ( F  )) u .
 By (1) and the equality  u ­ 2 ( F  ) u  5  k  ( G 2 ) ,  we have
 u ­ ( M  >  d  2 ( F  )) u  1  u ­ 2 ( F  >  d  ( M )) u  <  k  ( G )  1  k  ( G 2 ) .  (2)
 Since  M  >  d  2 ( F  )  ?  [  and  G ( M  >  d  2 ( F  ))  ?  V ,  we have
 u ­ ( M  >  d  2 ( F  )) u  >  k  ( G ) .  (3)
 Using (1) , we have
 ­ ( M  >  d  2 ( F  )  Õ  ( ­ ( M )  \  F  )  <  ( M  >  ­ 2 ( F  )) .  (4)
 Using (3) , (4) and the equality  u ­ ( M ) u  5  k  ( G ) ,  we have
 u F  >  ­ ( M ) u  <  u M  >  ­ 2 ( F  )) u  .  (5)
 It follows that
 u F  \  d  ( M ) u  5  u F  >  M u  1  u F  >  ­ ( M ) u  <  u M  \  d  2 ( F  ) u  ,  u M u .
 Since  u M u  5  v  ( G )  <  v  ( G 2 )  <  u F  u ,  we have  F  >  d  ( M )  ?  [ .
 Since  G 2 ( F  >  d  ( M ))  >  M  >  d  ( F  )  5  [ ,  we have  G 2 ( F  >  d  ( M ))  ?  V .  By the definition of
 k  ,  we have
 u ­ 2 ( F  >  d  ( M )) u  >  k  ( G 2 ) .  (6)
 Using (2) , (3) and (6) , we have
 k  ( G )  1  k  ( G 2 )  <  u ­ ( M  >  d  2 ( F  )) u  1  u ­ 2 ( F  >  d  ( M )) u  <  k  ( G )  1  k  ( G 2 ) .
 It follows that the inequality (3) is never strict .
 The equality in (3) shows that  A  >  d  2 ( F  ) is a fragment . Hence  5  u A  >  d  2 ( F  ) u  5  1 .
 h
 Notice that , for a finite relation , Proposition 3 . 7 follows from Proposition 3 . 6 .
 P ROPOSITION 3 . 8 .  Let  G  be a degenerate balanced Cauchy relation on a set V such that
 v  ( G )  >  3 . Then the intersection of three distinct superatoms of  G  is empty .
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 P ROOF .  Suppose the contrary , and let  x  P  A  >  B  >  C ,  where  A , B  and  C  are distinct
 superatoms of  G .
 We have  d  ( A )  \  d  ( B )  ?  [ ,  by Lemma 3 . 4 . Choose  y  P  d  ( A )  \  d  ( B ) .
 Let  K , L  and  M  be distinct superatoms of  G 2 such that  y  P  K  >  L  >  M .  Such
 superatoms exist by the transitivity of the group of automorphisms and since  G  is
 isomorphic to  G 2 . By Proposition 3 . 6 applied to  G 2 ,
 K  >  L  5  K  >  M  5  K  >  L  >  M  5  h  y j .
 Since  A  >  B  ?  [ ,  we have , by Proposition 3 . 6 ,  u d  ( A )  >  ­ ( B ) u  5  u ­ ( A )  >  B u  .  It follows
 that
 u d A  \  d B u  5  u d  ( A )  >  B u  1  u d  ( A )  >  ­ ( B ) u  5  u d  ( A )  >  B u  1  u B  >  ­ ( A ) u  5  u B  \  A u  ,  u B u  .
 Therefore
 u d A  \  d B u  ,  v  ( G ) .  (1)
 Let  F  P  h K ,  L ,  M j .  Since  F  Õ u  d  ( B ) ,  we have , by Proposition 3 . 7 ,
 u F  >  d  ( B ) u  <  1 .  (2)
 Suppose that there exist  F  and  F  9  P  h K ,  L ,  M j  such that  F  ?  F  9 and  F  <  F  9  Õ  d  ( A ) .
 By Proposition 3 . 6 ,  u F  >  F  9 u  5  1 .  Using (2) we have  u F  \  d  ( B ) u  >  v  2  1 and  u F  9  \  d  ( B ) u  >
 v  2  1 .  It follows that
 u ( F  <  F  9 )  \  d  ( B ) u  >  u F  \  d  ( B ) u  1  u F  9  \  d  ( B ) u  2  u F  >  F  9 u  >  2 v  2  3  >  v .
 It follows that  u d A  \  d B u  >  v  ,  contradicting (1) .
 Therefore at most one superatom  F  P  h K ,  L ,  M j  is contained in  d  ( A ) .  We may
 assume , without loss of generality , that  K  Õ u  d  ( A ) and  L  Õ u  d  ( A ) .  By Lemma 2 . 4 ,
 A  Õ u  d  2 ( K )  and  A  Õ u  d  2 ( L ) .
 By Proposition 3 . 7 ,  u A  >  ( d  2 ( K )  <  d  2 ( L )) u  <  2 .  Therefore  u A  \  ( d  2 ( K )  <  d  2 ( L )) u  >  1 .
 Therefore  u A  >  ( G 2 ( K )  >  G 2 ( L )) u  >  1 .  By Proposition 3 . 6(i) and (iii) ,
 G 2 (  y )  5  G 2 ( K  >  L )  5  G 2 ( L )  >  G 2 ( L ) .
 Therefore  A  >  G 2 (  y )  ?  [ ,  contradicting the choice of  y .  This contradiction proves the
 result .  h
 4 .  D EGENERATE S UBSETS  OF A BELIAN G ROUPS
 The subgroup generated by an element  r  of a group  G  will be denoted by  k r l .  We
 recall the following elementary fact .
 R EMARK 4 . i .  Let  S  be a finite non-empty subset of an abelian group  G  and let
 r  P  G .  The following conditions are equivalent :
 (i)  S  is a union of  k r l -cosets ;
 (ii)  k r l  1  S  5  S ;
 (iii)  r  1  S  5  S .
 T HEOREM 4 . 1 .  Let B be a degenerate Cauchy subset of an abelian group G . Let K be
 a superatom of  L ( G ,  B )  such that  0  P  K . Then either  u K u  5  2  or K is a subgroup
 generated by B  >  K .
 P ROOF .  Suppose that  u K u  >  3 .  We first prove that  K  is a subgroup . By Lemma 2 . 8 ,
 for every  x  P  G , x  1  K  is a superatom . This observation will be used without reference .
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 Take  P  5  h x  3  x  1  K  5  K j .  Clearly ,  P  is a subgroup contained in  K .  Let  Q  5  K  \  P .  If
 Q  5  [ ,  then  K  is clearly a subgroup . Assume that  Q  ?  [  and let  a  P  Q .
 Let  x  P  Q .  We have 0  P  K  >  ( K  2  a )  >  ( K  2  x ) .  By Proposition 3 . 8 , two of these
 superatoms coincide . Since  a ,  x  P  Q ,  we necessarily have  K  2  a  5  K  2  x .  Therefore
 x  P  a  1  P .  Hence  Q  Õ  a  1  P .  Since  u K u  >  3 and  K  5  P  <  Q , we have  u P u  >  2 .
 Let  x  P  P .  We have  u ( x  1  K )  >  K u  >  u P u  >  2 .  By Proposition 3 . 6 ,  x  1  K  5  K .  Therefore
 P  1  K  5  K .  By Remark 4 . i ,  K  is a union of  P -cosets . Hence  u Q u  >  u P u  and therefore
 u Q u  5  u P u .  It follows that  K  5  P  <  P  1  a .
 Let  x  P  K .  We have  u ( x  1  K )  >  K u  >  u P u  >  2 .  By Proposition 3 . 6 ,  x  1  K  5  K .
 Therefore  K  1  K  5  K .  Hence  K  is a subgroup (we recall that  K  is finite) .
 Let  M  be the subgroup generated by  K  >  B .  We shall prove that  ­ ( K  \  M )  >  M  5  [ .
 Suppose on the contrary that there are  b  P  B  and  k  P  K  \  M  such that  k  1  b  P  M .  It
 follows that  b  P  K .  By the definition of  M ,  we have  b  P  M .  Therefore  k  P  M ,  a
 contradiction . It follows that  u ­ ( K  \  M ) u  <  u ­ ( K ) u  5  k  ( L ( G ,  B )) .
 By the definitions , either  K  \  M  5  [  or  K  \  M  is a fragment . By the definition of a
 superatom , we have  u K  \  M u  <  1 .  Since  u K u  >  3 and since  M  is a subgroup of  K ,  we have
 necessarily  u K  \  M u  ?  1 .  Therefore  K  5  M .  h
 Let  G  be an abelian group and let  r  P  G  \  h 0 j .  A subset  B  will be called a  progression
 with dif ference  r  if there are 1  <  k  <  u k r l u  2  1 and  b  P  B  such that  B  5  h b ,  b  1  r ,  .  .  .  ,  b  1
 ( k  2  1) r j .  A subset  B  will be called a  coprogression  with dif ference  r  if  G  \  B  is a
 progression with dif ference  r .  We say that a subset  B  Õ  G  is a  semi - progression ,  with
 dif ference  r ,  if there are  b  P  G  and a number  k  such that 1  <  k  ,  u k r l u  satisfying the
 following properties :
 (1)  B  Ó  h b ,  b  1  r ,  .  .  .  ,  b  1  ( k  2  1) r j ;
 (2)  B  \  h b ,  b  1  r ,  .  .  .  ,  b  1  ( k  2  1) r j  is a union (possibly void) of  k r l -cosets .
 A semi-progression with  k  5  1 is said to be  almost periodic .
 Observe that a semi-progression with  B  Ó  G  \  ( k r l  1  b ) is a coprogression .
 We introduce the following notion . Let  r  P  G  \  h 0 j  and let  A  Õ  k r l .  We say that  h ir ,
 ( i  1  1) r ,  .  .  .  ,  jr j  is an  r - string  of  A  if  h ir ,  ( i  1  1) r ,  .  .  .  ,  jr j  Õ  A  and  h ( i  2  1) r ,  (  j  1  1) r j  >
 A  5  [ .
 L EMMA 4 . 2 .  Let B be a finite subset of an abelian group G and let r  P  G  \  h 0 j . If
 u h 0 ,  r j  1  B u  5  u B u  1  1 , then B is a semi - progression with dif ference r .
 P ROOF .  Consider a partition  B  5  B 1  <  B 2  <  ?  ?  ?  <  B k  ,  where  B i  is a non-empty
 intersection of  B  with an  k r l -coset .
 We have  u h 0 ,  r j  1  B u  5  u h 0 ,  r j  1  B 1 u  1  ?  ?  ?  1  u h 0 ,  r j  1  B k u  5  u B 1 u  1  ?  ?  ?  1  u B k u  1  1 .
 It follows that there is  j ,  1  <  j  <  k ,  such that :
 (i)  u h 0 ,  r j  1  B j u  5  u B j u  1  1 ;
 (ii)  u h 0 ,  r j  1  B i u  5  u B i u ,  for all  i  ?  j .
 By (ii) , we have  r  1  B i  5  B i  ,  for all  i  ?  j .  It follows , using Remark 4 . i , that  B i  is an
 k r l -coset , for all  i  ?  j .
 It remains to show that  B j  is a progression with dif ference  r .  Take  x  P  G  such that
 B j  Õ  k r l  2  x  and let  C  5  B j  1  x .  It would be enough to show that  C  is an  r -string .
 We clearly have  u h 0 ,  r j  1  C u  5  u C u  1  1 and  C  Õ  k r l .  We decompose  C  into  k r l -strings .
 Clearly , a string  h ir ,  ( i  1  1) r ,  .  .  .  ,  jr j  of  C  determines an element (  j  1  1) r  of ( h 0 ,  r j  1
 C )  \  C .  Hence there is exactly one string .  h
 L EMMA 4 . 3 .  Let G be an abelian group and let B be a finite semi - progression . If B is
 a Cauchy subset , then either B is a progression or almost periodic or a coprogression .
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 P ROOF .  First assume that  k r l  is infinite . Since  B  is finite ,  B  is clearly a progression .
 Suppose  k r l  finite . We have  u k r l  1  B u  5  u B  \  ( k r l  1  b ) u  1  u k r l u .
 If  k r l  1  B  5  G ,  then clearly  B  is a progression (in the case  k r l  5  G ) or a coprogression
 (in the case  k r l  ?  G ) .  Assume that  k r l  1  B  ?  G .
 By the definition of  k  ,  we have  u B u  2  1  5  k  <  u ­ ( k r l ) u  5  u B  \  ( k r l  1  b ) u .  It follows that
 u B  >  ( b  1  k r l ) u  5  1 .  Thus  B  is almost periodic .  h
 R EMARK 4 . ii .  Let  B  be a Cauchy subset of a finite abelian group  G .  If  B  is a
 progression then  B  is a coprogression .
 By the definition of a Cauchy subset ,  L ( G ,  B ) is connected . Therefore  k B l  5  G
 (using a well known and easy fact) . Set  B  5  h b ,  b  1  r ,  .  .  .  ,  b  1  ( k  2  1) r j .  Since 0  P  B ,
 we have  k r l  5  k B l  5  G .  The remark is now obvious .
 P ROPOSITION 4 . 4 .  Let G be a finite abelian group and let B be a degenerate Cauchy
 subset of G such that  ( u G u ,  u B u  2  1)  5  1 . Then B is a coprogression .
 P ROOF .  Let  K  be a superatom of  L ( G ,  B ) containing 0 . By the definitions ,
 u B u  2  1  5  u K  1  B u  2  u K u .  Clearly ,  K  cannot be a subgroup , since otherwise ( u G u ,  u B u  2
 1)  >  u K u .  By Theorem 4 . 1 ,  u K u  5  2 .  Set  K  5  h 0 ,  r j .  By Lemma 4 . 2 ,  B  is a semi-
 progression with dif ference  r .  The subset  B  cannot be almost periodic since , otherwise ,
 u k r l u  would divide  u B u  2  1 .  By Lemma 4 . 3 ,  B  is a progression or a coprogression . By
 Remark 4 . ii ,  B  is a coprogression .  h
 The above result generalizes Vosper’s theorem to Cauchy subsets of finite abelian
 groups .
 We also need the following lemma .
 L EMMA 4 . 5 .  Let A be a finite subset of a group G and let r  P  G  \  h 0 j . Let B be a finite
 coprogression with dif ference r such that  u A  1  B u  5  u A u  1  u B u  2  1  <  u G u  2  1 . Then A is a
 progression with dif ference r .
 P ROOF .  Take  B  5  ( G  \  ( k r l  1  b ))  <  h b ,  r  1  b ,  .  .  .  ,  ( k  2  1) r  1  b ) j  and choose  a  P  A .
 Let  C  5  A  2  a  and let  D  5  B  2  b .  Clearly ,  u C  1  D u  5  u C u  1  u D u  2  1  <  u G u  2  1 .
 We shall prove first that  C  Õ  k r l .  Assume that there is  x  P  C  \  k r l .  Since  D  Ó  G  \  k r l ,
 we have  k r l  2  x  Õ  D .  It follows that  k r l  Õ  C  1  D .  Since 0  P  C ,  we have  G  \  k r l  Õ  D  Õ
 C  1  D .  Therefore  C  1  D  5  G ,  a contradiction .
 This shows that  C  Õ  k r l .  Now we have  u C  1  h 0 ,  r ,  .  .  .  ,  ( k  2  1) r j u  5  u C u  1  k  2  1 .  It
 follows easily that  C  has the desired form (one could decompose  A  into  r -strings as in
 Lemma 4 . 2) .  h
 R EMARK 4 . iii .  Let  B  be a Cauchy subset of an abelian group  G .  Suppose that there
 exists a finite subgroup  K  such that  u K  1  B u  5  u K u  1  u B u  2  1  ,  u G u .  Since  K  1  B  is a union
 of  K -cosets , we clearly have  u K  1  B u  <  u G u  2  u K u .  Hence  u K u  <  u G u  2  u K u  2  u B u  1  1 .
 Therefore  K  is a strict fragment . Hence  B  is degenerate .
 Similarly ,  h 0 ,  r j  is a strict fragment if  B  is almost periodic or a coprogression .
 We now give a characterization of degenerate subsets of abelian groups .
 T HEOREM 4 . 6 .  Let B be a Cauchy subset of an abelian group G . Then B is degenerate
 if one of the following conditions holds :
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 (i)  B is a progression or B is a coprogression ;
 (ii)  B is almost periodic ;
 (iii)  there exists a subgroup H generated by B  >  H such that  u H u  >  3  and  u G u  .  u H  1  B u  5
 u H u  1  u B u  2  1 .
 P ROOF .  The ‘if’ part follows by Remark 4 . iii .
 We prove the ‘only if’ part . Suppose that  B  is degenerate and let  H  be a superatom
 containing 0 .
 Assume that  u H u  >  3 .  By Theorem 4 . 1 ,  H  is a subgroup generated by  H  >  B .  Since  H
 is a fragment , we have  u H u  1  u B u  2  1  5  u H u  1  k  ( G )  5  u G ( H ) u  5  u H  1  B u .  In this case , (iii) is
 satisfied .
 Now assume that  u H u  5  2 and put  H  5  h 0 ,  r j .  We have  u H  1  B u  2  u H u  5  k  5  u B u  2  1 .
 Therefore ,  u h 0 ,  r j  1  B u  5  u B u  1  1 .
 By Lemma 4 . 3 ,  B  is a semi-progression with dif ference  r .
 By Lemma 4 . 4 ,  B  is either almost periodic or a coprogression .  h
 5 .  D IAGONAL F ORMS  OVER F INITE F IELDS
 Let  F  be a finite field and let  a 1  ,  a 2  ,  .  .  .  ,  a n  be non-zero elements of  F .  Set
 P  5  h x k  3  x  P  F  j .  Consider a diagonal form  f  ( x 1  ,  x 2  ,  .  .  .  ,  x n )  5  a 1 x k 1  1  a 2 x k 2  1  ?  ?  ?  1  a n x k n .
 We shall write Im(  f  )  5  f  ( F  n ) .  The estimation of  u Im(  f  ) u  was first considered by
 Cauchy . He obtained the following result in [1] :
 If F  5  Z p  , then  u Im(  f  ) u  >  min( u F  u ,  n ( u P u  2  1)  1  1) .
 Using Vosper’s theorem , Chowla , Mann and Strauss obtained the following
 estimation in [3] :
 If  F  5  Z p and if  u U u  >  3 , then  u Im(  f  ) u  >  min( u F  u ,  (2 n  2  1)( u P u  2  1)  1  1) .
 This last bound was generalized by Tieta ¨  va ¨  inen to finite fields with characteristic  ? 2
 when  F  is generated by  P  [18] .
 We shall use our generlization of Vosper’s theorem to give a simple proof for these
 results , extending the result proved in [18] to characteristic 2 .
 We note that Im(  f  )  5  a 1 P  1  a 2 P  1  ?  ?  ?  1  a n P .
 L EMMA 5 . 1 .  Let F be a finite field and let P  5  h x k  3  x  P  F  j . Let F 0  be the field
 generated by P . Then  L ( F 0  ,  P )  is a Cauchy relation .
 P ROOF .  Suppose on the contrary that  k  ( L ( F 0  ,  P ))  <  u P u  2  2 and let  A  be an atom of
 L ( F 0  ,  P )  such that 0  P  A .  By Proposition 2 . 9 ,  A  is a subgroup generated by  A  >  P .
 By Lemma 2 . 3 ,  u A u  >  2 .  Since  A  5  k A  >  P l ,  we have  A  >  ( P  \  h 0 j )  ?  [ .  Choose  y  P
 ( P  \  h 0 j )  >  A .
 One verifies easily that  É u :  F 0  5  F 0  ,  where  É u ( x )  5  ux ,  is an automorphism of  L ( F 0  ,  P )
 for any  u  P  ( P  \  h 0 j ) .
 For any  w  P  ( P  \  h 0 j ) ,  we have 0  P  ( w y  2 1 A )  >  A ,  and hence  w y  2 1 A  5  A .  It follows
 that ( P  \  h 0 j )  Õ  A  and hence  A  5  F 0  ,  a contradiction .  h
 The following lemma is implicit in [17] .
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 L EMMA 5 . 2 .  Let F be a finite field and let a 1  ,  a 2  ,  .  .  .  ,  a n be elements of F . Let
 P  5  h x k :  x  P  F  j . Then  u a 1 P  1  a 2 P  1  ?  ?  ?  1  a n P u  2  1  ;  0  mod  ( u P u  2  1) .
 P ROOF .  Set  U  5  P  \  h 0 j .  We clearly have  U ( a 1 P  1  a 2 P  1  ?  ?  ?  1  a n P )  5  a 1 P  1  a 2 P  1
 ?  ?  ?  1  a n P .  It follows that ( a 1 P  1  a 2 P  1  ?  ?  ?  1  a n P )  \  h 0 j  is a union of cosets of the
 multiplicative subgroup  U .  h
 P ROPOSITION 5 . 3 .  Let F be a finite field , P  5  h x k :  x  P  F  j  and let F 0  be the subfield
 generated by P . Suppose that  u P u  >  4 .
 Then , for e y  ery subset T  Õ  F 0  such that  u T  u  >  2 ,
 u T  1  P u  >  min( u F 0 u ,  u T  u  1  u P u ) .
 P ROOF .  We shall denote the characteristic of  F  by  p .  We also write  U  5  P  \  h 0 j .  By
 Lemma 5 . 1 ,  k  ( L ( F 0  ,  P ))  5  u P u  2  1 .  We shall prove that  L ( F 0  ,  P ) is vosperian .
 The result is obvious if  P  5  F 0  .  Suppose that  P  ?  F 0  .  Since  U  is a multiplicative
 subgroup , we have 2  u U u  <  u F 0 u  2  1 .  Therefore we have
 3  <  u U u  <  ( u F 0 u  2  1) / 2 .  (1)
 We shall show that  P  cannot be a coprogression . If  F 0  5  Z p  ,  a coprogression is simply
 an arithmetic progression . By [17 , Lemma 2 . 1 . 1 ,  p .  11] , P  cannot be a coprogression .
 Consider the case  F 0  ?  Z p .  An easy counting argument shows that  u B u  .  u F 0 u  2  p ,  for
 any coprogression  B .  By (1) ,  u B u  .  u P u .  Therefore  P  cannot be a coprogression . Clearly ,
 ( u F 0 u ,  u U u )  5  1 .  By Proposition 4 . 4 ,  L ( F 0  ,  P ) is vosperian .
 By Lemma 3 . 3 , for every subset  T  Õ  F 0 such that  u T  u  >  2 ,
 u T  1  P u  >  min( u F 0 u  2  1 ,  u T  u  1  u P u ) .
 Using Lemma 5 . 2 , we see easily that  u T  1  P u  >  u F 0 u  2  1 holds if f  u T  1  P u  >  u F 0 u .  h
 C OROLLARY 5 . 2 ([18] for  p  ?  2) . Let F be a finite field , P  5  h x k :  x  P  F  j  and let F 0  be the
 subfield generated by P . Suppose that  u P u  >  4  and let a 1  ,  a 2  ,  .  .  .  ,  a n be non - zero elements
 of F . Then
 u a 1 P  1  a 2 P  1  ?  ?  ?  1  a n P u  >  min( u F 0 u ,  (2 n  2  1)( u P u  2  1)  1  1) .
 P ROOF .  The proof is by induction . The statement is obvious for  n  5  1 . Suppose it to
 be true for  n .  Put  b i  5  a i  / a n 1 1  ,  1  <  i  <  n .  By Proposition 5 . 3 and the induction
 hypothesis , we have
 u b 1 P  1  b 2 P  1  ?  ?  ?  1  b n P  1  P u  >  min( u F 0 u ,  (2 n  2  1)( u P u  2  1)  1  1  1  u P u ) .
 By Lemma 5 . 2 , we have  u b 1 P  1  b 2 P  1  ?  ?  ?  1  b n P  1  P u  >  min( u F 0 u ,  (2 n  1  1)( u P u  2  1)  1  1) .
 The result is now obvious , since
 u b 1 P  1  b 2 P  1  ?  ?  ?  1  b n P  1  P u  5  u a 1 P  1  a 2 P  1  ?  ?  ?  1  a n 1 1 P u  .  h
 6 .  S UPERCONNECTED C AYLEY G RAPHS
 In this section , we call relations ‘graphs’ , as usual in network theory . A subset  T  Õ  V
 is said to be a  minimum cutset  if there exists a fragment  F ,  such that  T  5  ­ ( F  ) .
 A regular graph is said to be  superconnected  if for every fragment  F ,  there is  x  P  V
 such that  ­ ( x )  5  ­ ( F  ) or  ­ 2 ( x )  5  ­ ( F  ) .
 Let  G  5  ( V ,  E ) be a graph . Let  F  Õ  V  and let  x  P  F .  We shall say that  x  is a  sink  of  F
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 if  ­ ( x )  >  F  5  [ .  We say that  x  is a  source  of  F  if  ­ 2 ( x )  >  F  5  [ .  The reader may easily
 verify that a graph  G  is superconnected if f , for every fragment  F  of  G , there is a source
 or a sink in  F  <  d  ( F  ) .
 Cayley graphs on cyclic groups are known as  loop networks .
 Notice that almost all the existing references (cf . [10]) on superconnected graphs
 adopt the convention that the graphs are loopless . We will not follow them . However ,
 there is no essential dif ference between the two approaches . In fact , the basic notions
 of connectivity , fragments and cutsets are invariant if one replaces the graph by its
 reflexive closure .
 The problem of characterizing loop networks which are superconnected has received
 a lot of attention in recent years . Details about this question are explained in [10] . A
 characterization of superconnected abelian Cayley graphs can be obtained in [10] .
 Here , we obtain an easier one .
 L EMMA 6 . 1 .  Let G be an abelian group containing a Cauchy subset B and a
 subgroup H . Suppose that there is b  P  B such that B  \  h b j  is H - periodic and that H is
 maximal for this property . Then a subset F  Õ  G is a strict fragment of  L ( G ,  B )  if f one of
 the following conditions holds :
 (i)  F is a subset of some H - coset and  2  <  u F  u  <  u H u  2  2 ;
 (ii)  d  ( F  )  is a subset of some H - coset and  2  <  u d  ( F  ) u  <  u H u  2  2 .
 P ROOF .  The proof follows using the same arguments as Lemma 4 . 5 .  h
 T HEOREM 6 . 2 .  Let B be a Cauchy subset of an abelian group G such that
 2  <  u B u  <  u G u  2  3 . Then  L ( G ,  B )  is non - superconnected if f one of the following condi-
 tions holds :
 (i)  there is a subgroup H of G such that  u H  >  B u  >  2  such that  u H  1  B u  5  u H u  1  u B u  2  1  <
 u G u  2  2 ;
 (ii)  There exist a proper subgroup H and b  P  B  \  h 0 j  such that B  \  h b j  is a H - periodic
 subset ;
 (iii)  B is a coprogression with dif ference r such that B  Ó  h r ,  2 r j .
 P ROOF .  Let us prove the suf ficiency .
 Assume that (i) holds . The condition  u H  >  B u  >  2 shows that  H  contains no source or
 sink . Now  d  ( H )  5  G  \  ( H  1  B ) is union of copies isomorphic to  H  by Lemma 2 . 8 and
 therefore contains no source or sink . Therefore  L ( G ,  B ) is non-superconnected .
 Assume that (ii) holds . Since 0  P  B ,  we have  H  Õ  B .  Choose  r  P  ( H  \  h 0 j ) .  Clearly ,
 h 0 ,  r j  is a fragment . But  h 0 ,  r j  is a symmetric edge and contains no source or sink . We
 have  d  ( h 0 ,  r j )  5  G  \  ( h 0 ,  r j  2  B )  5  G  \  ( B  <  h b  1  r j ) .  Therefore  d  ( h 0 ,  r j ) contains no
 source or sink . Therefore ,  L ( G ,  B ) is non-superconnected .
 Assume that (ii) holds . Clearly ,  h 0 ,  r j  is a fragment . But  h 0 ,  r j  contains no source or
 sink . We have  d  ( h 0 ,  r j )  5  ( G  \  ( b  1  k r l ))  <  ( b  1  k r l )  \  ( h b ,  b  1  r ,  b  1  2 r ,  .  .  .  ,  b  1  kr j ) .  The
 condition  u B u  <  u G u  2  3 shows that  d  ( F  ) contains no source or sink . Therefore ,  L ( G ,  B )
 is non-superconnected .
 Let us prove the necessity . Suppose that  L ( G ,  B ) is non-superconnected . Let  F  be a
 fragment of  L ( G ,  B ) such that  F  <  d  ( F  ) has no source or sink . It follows that  F  is a
 strict fragment . Therefore  B  is non-vosperian . By Theorem 4 . 6 , one of the following
 conditions holds (here we use the inverse ordering of Theorem 4 . 6) :
 I .  There is a subgroup  H  of  G  such that  u H  >  B u  >  2 such that  u H  1  B u  5  u H u  1  u B u  2  1  <
 u G u  2  2 .  In this case , (i) holds .
 II .  There are  b  P  B  and  r  P  G  such that  B  \  h b j  is  k r l -periodic . Let  H  be a maximal
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 period for  B  \  h b j .  We shall prove that  b  ?  0 .  Suppose the contrary . It follows that
 H  >  B  5  h 0 j .  By Lemma 6 . 1 , there is  x  such that either  F  Õ  x  1  H  or  d  ( F  )  Õ  x  1  H .
 Since  B  is a balanced subset , we may assume without loss of generality that  F  Õ  x  1  H .
 Take  y  P  F .  Since  B  >  H  5  h 0 j , F  <  (  y  1  B )  5  h  y j .  It follows that  y  is a sink with
 respect to  F  <  d  ( F  ) ,  a contradiction .
 III .  There exists  r  P  G  \  h 0 j  such that  B  5  ( G  \  k r l  1  b )  <  h b ,  b  1  r ,  b  1  2 r ,  .  .  .  ,  b  1
 ( k  2  1) r j .  We shall show that  B  Ó  h r ,  2 r j .  Suppose on the contrary that  u B  >  h r ,  2 r j u  <  1 .
 In the case  B  >  h r ,  2 r j  5  [ , B  is almost periodic , and this case follows by II . We may
 assume without loss of generality that  B  >  h r ,  2 r j  5  h r j .  It follows that  b  P  k r l .  Since
 0  P  B  and  2 r  ¸  B ,  we have  b  5  0 .  By Lemma 4 . 5 , there is  a  P  G  such that
 F  5  h a ,  a  1  r ,  a  1  2 r ,  .  .  .  ,  a  1  ( s  2  1) r j .  By the definition of a fragment ,  s  1  k  ,  u k r l u .
 Clearly ,  a  1  ( s  2  1) r  is a sink of  F  <  d  ( F  ) ,  a contradiction .  h
 N O T E  A D D E D  I N  P R O O F .  Applications and generalizations of the present results were
 obtained by the author recently . In particular the notion of connectivity was
 generalized to study isoperimetric numbers : [ J . of Algebra  179  (1996) , 622 – 630] . Also
 Theorem 4 . 6 was used in a recent preprint ‘On the Diophantine Frobenius Problem’ , to
 solve a conjecture of Erdo ¨  s – Graham , improving results by Dixmier and others .
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